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We study the interaction of a co-propagating finite energy Airy pulse and a soliton in a Kerr
medium under third order dispersion. It is observed that a strong radiation appears when self-
accelerating Airy pulse collides with a delayed soliton in time domain. We confirm both analytically
and numerically that this radiation can only be initiated in the environment of third order dispersion
(TOD). The radiation frequency is red or blue shifted depending on the numeric sign of TOD
parameter. We adopt a simple Si-based waveguide to validate the normalised parameter that we use
for the analysis. We develop a theory to explain the collision-mediated radiation and our theoretical
results are found to be in good agreement with the direct numerical modelling of the generalised
nonlinear Schro¨dinger equation (GNLSE).
I. INTRODUCTION
There have been many studies about the temporal
pulse interactions in linear and nonlinear optical medi-
ums. Such interaction mechanism is useful to study be-
cause it opens up the possibility of controlling light by
light. The physics of light interaction often leads to some
fascinating analogies in physics ranging from hawking ra-
diation to black hole physics to even temporal analogue
of spatial reflection and refraction. [1–7]. As a specific
example, an intense optical pulse can be used to gener-
ate optical event horizon where any weak pulse can be re-
flected from the optical refractive index barrier generated
by the intense pulse in Kerr nonlinear medium [8]. Re-
cently the temporal analogue of reflection and refraction
phenomenon is described using the interaction of a pulse
approaches a moving temporal boundary across which
refractive index changs [9]. The interaction of the opti-
cal soliton with the continuous waves and the dispersive
waves has also been studied in details [10–12]. The in-
teraction between the optical pulses in temporal domain
requires the pulses to move with different relative group
velocities such that one can approach to other and inter-
act at some point. The collision becomes more prominent
and gives rise to exciting effects if one of the pulses is ac-
celerating (or decelerating) in nature. Interaction of a
Raman soliton with the linear waves is an example of
such collision which occurs during supercontinuum gen-
eration process [13]. The optical pulses cannot accelerate
naturally without higher order effects with the exception
of the Airy pulse, a relatively new kind of optical pulse
introduced to optics [14–17]. These pulses are tempo-
ral analogues of Airy beams whose field envelope is de-
scribed by the Airy function. An ideal Airy pulse resists
the linear dispersion and maintains its shape indefinitely.
However the ideal Airy waveform has infinite energy and
is not square integrable. For practical realization we gen-
erally apodize the pure Airy pulse with an exponential
decay function. The apodized Airy pulse still resist the
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dispersion effect but for a finite propagation distance.
In this work, we try to explore the collision dynamics
between a finite energy Airy pulse and a co-propagating
soliton in a nonlinear dispersive medium. If the soliton
and the Airy pulse are launched in an optical medium
with the same central frequency and an initial time off-
set, the Airy pulse will decelerate and will reach the soli-
ton at a certain distance even though the group veloci-
ties are same at the launching point. The interaction of
the soliton and the Airy pulse have been reported earlier
where the pulses have same or different central frequency
[18, 19]. It has been shown that the Airy pulse can al-
ter the components of a soliton much more efficiently
than the other optical pulses due to its resilience to the
dispersive effects of the medium. The impact of the col-
lision between the self-accelerating Airy pulse and the
soliton becomes dramatic under the effect of third order
dispersion (TOD). The Airy-soliton collision (in time do-
main) leads to a unique kind of radiation (in frequency
domain) never explored before. Unlike the traditional
phase-matching radiation [11], the present radiation is
collision dependent. We establish a complete theory to
understand the underlying physics of such radiation.
The paper is organized as follows. In Sec. II we in-
troduce the mathematical structure of the problem and
study the Airy-soliton collision under linear dispersion.
We extend the study in Sec. III by including TOD and
propose a realistic structure exhibiting ideal environment
for collision mediated radiation. Further we establish a
complete theory for radiations generated under positive
and negative TOD. The analytical results are compared
with full numerical simulations. Finally we summarize
our findings in Sec IV.
II. COLLISION DYNAMICS WITHOUT
HIGHER ORDER DISPERSION
In this section, we first study the interaction among Airy
pulse and soliton in absence of TOD. The two pulses
are launched with a time separation ∆τ . As the Airy
pulse de-accelerates, it is launched earlier so that, at some
spatial distance it catches up with the soliton that moves
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2with a constant group velocity vg. The dynamics of the
total field is governed by well-known NLSE which has the
following form in normalised unit [20],
∂ξu = − i
2
sgn(β2)∂
2
τu+ i|u|2u (1)
Here u(ξ, τ) is the total field envelope and β2 is the group
velocity dispersion coefficient with unit, ps2/m. The
space (ξ) and retarded time (τ) coordinate is resealed
as, ξ = zL−1D and τ = (t − z/vg)t−10 , where t0 is the
soliton width and dispersion length, LD = t
2
0|β2|−1. We
consider soliton order (N) as 1. We write the initial field
as,
u(0, τ) = Ai(τ) exp(aτ) + sech(τ −∆τ) (2)
In the above equation (Eq.2) a is the truncation param-
eter which truncates the infinite energy Airy pulse to the
physically realizable finite energy pulse and ∆τ is the ini-
tial time-delay between the pulses. In Fig.(1) the initial
temporal (plot (a)) and spectral (plot (b)) distributions
of the pulses with temporal delay ∆τ = 15 are plotted.
The initial frequencies are same for both the pulses which
leads to an interference pattern. The individual spectrum
of the pulses are also shown in Fig.(1c) and Fig.(1d) for
comparison.
FIG. 1. (a)Temporal and (b) spectral distribution of the
pulses at the launching point with ∆τ = 15.(c) Initial spec-
trum of a truncated Airy pulse (with a =0.1) and (d) soliton
where us = sech(τ −∆τ).
Note, the Airy pulse is not a natural solution of the
nonlinear Schro¨dinger equation and even sheds soliton at
higher energy [21]. However, for low peak power, the
Airy pulse retains it’s shape even in nonlinear medium
and moves with a ballistic trajectory. The main lode
of the Airy pulse shifts with propagation distance as,
FIG. 2. (a) Temporal and (b) spectral dynamics of the total
field with δ3 = 0. The temporal delay between the Airy pulse
and soliton is ∆τ = 15. The value of P is 1 and a = 0.1.
Note that at the collision point, τp ' ∆τ and there is not any
radiation in the spectral evolution.
τp ≈ τ0p + ξ2/4, where τ0p ≈ −(3pi/8)2/3. Hence it is
easy to predict that, the decelerating Airy pulse will hit
the soliton at, ξc ≈ 2
√
∆τ − τ0p . We numerically solve
Eq.(1) and show the temporal and spectral evolution in
Fig.(2). From these density plots it is evident that, the
main lobe of the Airy pulse hits the soliton at ξc ≈ 8.
This collision doesn’t produce any radiation in frequency
domain. To ensure that there is no collision mediated ra-
diations, we plot the cross-correlation frequency-resolved
optical grating (XFROG) diagram at four different spa-
tial points shown in Fig.(3). XFROG is a well-known
technique through which we can plot the frequency and
its temporal counterpart together. Mathematically it is
defined as, s(τ, ω, ξ) = | ∫∞−∞ u(ξ, τ ′)uref (τ−τ ′)eiωτ ′ |2dτ ′
, where uref is the reference window function normally
taken as the input. From the spectrograms (Fig.3) we
can see initially the pulses are separated in time domain
where as their central frequencies are same (Fig.3(a)).
The pulses collide at ξc ≈ 8 (Fig.3(b)) without any sign
of radiation. The spectrograms beyond the collision point
(Fig.3(c) and Fig.3(d)) also do not produce any radiation
patch. The Airy pulse partially penetrates the potential
barrier created by the soliton. Hence, it is confirmed
that the collision between the Airy pulse and the soliton
doesn’t produce any radiation when only second order
dispersion is present.
III. COLLISION DYNAMICS WITH THIRD
ORDER DISPERSION
Now we consider the collision dynamics under higher or-
der chromatic dispersion by introducing TOD. The gov-
erning equation of the total field in presence of TOD is
given as, [20]
∂ξu = − i
2
sgn(β2)∂
2
τu+ δ3∂
3
τu+ i|u|2u. (3)
3FIG. 3. XFROG spectrograms at different spatial positions
(a) at initial point (ξ = 0), (b) at the collision point (ξ = ξc),
(c) after the collision point (ξ=15) and (d) at output (ξ=25).
Here δ3(= β3/6|β2|t0) is the TOD parameter normalised
by initial pulse width t0, where β3 is the TOD coefficient
with unit ps3/m. For anomalous dispersion sgn(β2) =
−1. It is well known that an optical soliton emits radia-
tion when TOD perturbs the system [20]. The radiation
is either on the blue or the red side depending on the nu-
meric sign of the TOD coefficient. The effect of TOD on
the Airy pulse is rather dramatic. Under the TOD the
Airy pulse undergoes a temporal flipping and accelerates
in the reverse direction [22]. Now it is interesting to study
what happen when an Airy pulse collide with a soliton
with non-vanishing TOD. The interaction of the soliton
with the continuous wave is reported earlier and it was
shown that apart from the phase matched Cherenkov ra-
diation there are additional frequency components due to
four wave mixing (FWM) between the continuous wave
and the soliton[12]. The Airy-soliton collision may also
lead to some unique radiation and our aim is to unfold
the mechanism involved in this radiation process. The
finite energy (a 6= 0) Airy pulse is not a solution of the
linear dispersion equation. However it is possible to de-
rive an expression of the truncated Airy pulse moving
under TOD and has the following analytic form,
ua(ξ, τ) =
1
c
exp
(
a3
3
)
Ai
(
b
c
− n
2
c4
)
exp i
(
2n3
3c6
− nb
c3
)
.
(4)
The parameters are defined as, c = (1 − 3δ3ξ) 13 ; n =
[ia+ sgn(β2)ξ/2] and b = (τ − a2). From the expression
of the field (Eq. 4) it is evident that TOD significantly in-
fluences the parabolic trajectory of the Airy pulse. The
numeric sign of TOD parameter (δ3) also plays an im-
portant role here, for example, a positive δ3 leads to a
singularity when c = 0. The singularity results the flip-
ping of the Airy pulse at a certain distance ξflip = 1/3δ3.
The negative δ3, on the other hand, removes the singu-
larity (as c 6= 0 for δ3 < 0 ) and helps the self-accelerating
pulse to maintain its shape.
A. Waveguide description
To realize the effect of the positive and negative TOD on
the Airy pulse dynamics we propose a realistic Si-based
waveguide that exhibits two zero dispersion wavelengths.
The waveguide geometry and related dispersion profile is
shown in Fig.(4a) and Fig.(4b) respectively. Note that,
for two zero dispersion profile the slope of GVD changes
its numeric sign across the lowest dispersion value. One
can achieve the desired δ3 values with opposite signs at
two different launching wavelengths as indicated by the
red dots in Fig.(4b).
(a) 
FIG. 4. a) The block diagram and geometry of the proposed
Si-based waveguide. The dimensions are w1 = 1500 nm; w2
= 110 nm; w3 = 230 nm and h = 410 nm. The confinement
of the fundamental TE mode at the operating wavelengths
(λ1 = 2425 nm and λ2 =3200 nm) are shown in the inset.
(b) Dispersion profile of the waveguide. The operating wave-
lengths are indicated by the red solid dots. For λ1 the TOD
parameter is positive and for λ2 TOD parameter is negative.
Dynamics of a truncated Airy pulse for (c) δ3 > 0(=0.08) (d)
without TOD (δ3 = 0) and (e) negative δ3 < 0(=-0.08).
For the proposed waveguide, we have evaluated the values
of GVD parameter (β2) and TOD parameter (β3) in real
unit by using COMSOL multi-physics software. The val-
ues of GVD and TOD coefficients are β2=-0.038 ps
2/m
and β3=0.0011 ps
3/m respectively at the first launch-
ing wavelength λ1= 2425 nm. For the second launch-
ing wavelength, λ2=3200 nm, the values are β2=-0.043
4ps2/m and β3=-0.0015 ps
3/m. In our simulation we use
the value of δ3 in the range 0.05 to 0.1 which we can
achieve for the width of the pulse between 50 fs to 100 fs.
(e.g. for λ1, δ3 ≈ 0.08 for t0 = 60 fs ; similarly, for λ2,
δ3 ≈ -0.08 for t0 = 75 fs). The nonlinear parameter (γr)
is defined as γr = k0n2/Aeff , where k0 = 2pi/λ0, n2 is
the Kerr coefficient and Aeff is the effective area. For Si,
n2 ≈ 3×10−18m2W−1. The effective area of the confined
mode (Aeff = (
+∞∫∫
−∞
|ψ(x, y)|2dxdy)2/
+∞∫∫
−∞
|ψ(x, y)|4dxdy) is
calculated as, 0.51 µm2 for λ1 and 0.66 µm
2 for λ2.
To have an idea about the nonlinear effect on the dy-
namics of the pulses we have compared the values of
LD(= t
2
0/|β2|) and LNL(= 1/γrP0). Note that we have
to be careful enough in choosing the external parame-
ters like peak power, pulse width etc, to excite soliton
and Airy pulse together inside the waveguide. In Kerr
medium the Airy pulse sheds optical soliton for high in-
put power and loses its characteristic shape [21]. To re-
tain the shape of the Airy pulse in Kerr medium, we
need to manipulate the input power judiciously. The
relative nonlinear effect is reduced or becomes negligi-
ble when LNL >> LD. It can be easily seen that, for
initial pulse width t0 = 100 fs and peak power P0 ≈
200 mW the value of LD ≈ 0.26 m and LNL ≈ 0.33 m.
On the contrary, for peak power P0 ≈ 40 mW, LD ≈
0.26 m and LNL ≈ 1.65 m which satisfies the condi-
tion LNL >> LD. The dynamics of a truncated Airy
pulse in Kerr medium with different dispersion parame-
ters are shown in Fig. 4(c)-(e). In Fig.4(c) the temporal
dynamics is shown for δ3 > 0(=0.08).It is evident that,
the dynamics is not uniform and the pulse experiences a
temporal flipping with reverse acceleration. The flipping
distance ξflip(∝ 1/δ3), reduces significantly when TOD
is very high. In Fig. 4(d) and 4(e) the dynamics is shown
for δ3=0 and δ3 < 0(=-0.08). It is evident from the final
field distributions (attached within the figures) that the
shape of the Airy pulse is more robust for negative δ3
(Fig.4(e)) than the pulse which does not face any higher
order dispersion (Fig.4(d)) .
B. Collision dynamics under negative TOD (δ3 < 0)
It has already been shown that higher order dispersion
influences the ballistic trajectory of an Airy pulse. From
the general solution Eq.(4), it can be shown that for nega-
tive δ3 the peak of the main lobe of Airy pulse moves with
a delay rate dτdξ ≈ 2ξ+3|δ3|ξ
2
4c6 , where c = (1 + 3|δ3|ξ)1/3.
We launch the Airy pulse and soliton together where the
soliton is delayed by ∆τ = 15 ensuring no temporal over-
lap. The presence of negative TOD preserves the unique
nature of the Airy pulse. The peak power of the main
lobe of the Airy pulse is such that, it does not experience
any nonlinear effects. In Fig.(5) we plot the temporal and
spectral dynamics of the total field. The collision between
the soliton and the Airy pulse leads to a strong radiation
(SR) in the frequency domain shown in Fig.(5b). If we
look carefully, apart from the strong radiation, a weak ra-
diation (WR) is observed in the spectral evolution. Even
though the spectral locations of the strong and weak ra-
diations are close to each other, they are not same as
the weak radiation appears much earlier than the strong
radiation (see Fig.(5b) ). This weak radiation can be
linked with well known Chereknov radiation which ap-
pears when an optical soliton is perturbed by TOD [20] .
Note, the situation shown in Fig.(2) and Fig.(5) is identi-
cal except the fact that in the later case we include TOD
which results radiations. It is interesting to observe that
in Airy-soliton system the strong radiation appears only
when the pulses collide with each other under TOD. The
radiation ceases to exist either there is no temporal col-
lision or δ3 is zero.
FIG. 5. The (a)temporal and (b)spectral dynamics of the
pulses with negative δ3 (= -0.08). The initial separation be-
tween the pulse ∆τ = 15. For airy pulse a = 0.25.
The XFROG spectrogram plots (Fig 6) highlight
the dynamics with more clarity. In Fig.6(a-d) we show
four different stages of the co-propagating Airy-soliton
dynamics. If we define the collision distance as ξc
then, in plot (a) and (b) we capture the scenario before
collision (ξ < ξc). A faint patch in plot (b) indicates
the weak radiation generated by the soliton under TOD.
The spectrogram at the collision point (plot(c)) confirms
the presence of a new spectral component which is much
more stronger than the earlier radiation. Finally in
plot (d) we show the situation beyond collision point
(ξ > ξc). It is observed that, the energy of the Airy
pulse is mostly reflected back from the barrier created
by the strong soliton pulse. The red dotted line in Fig.
6(d) indicates the spectral position (ωs) of the collision
mediated radiation. Since the collision point ξc(∆τ),
is a function of the delay, we can control the radiation
by manipulating ∆τ , keeping δ3 fixed. In Fig.7(a-d)
we plot the spectral evolution of the co-propagating
pulses with different delay time ∆τ . The plots show
that, the spatial location of the strong radiation shifts
significantly with ∆τ , where as the weak Cherenkov
radiation appears at a fixed spatial position invariably.
It is expected because WR is solely controlled by TOD
5FIG. 6. The XFROG spectrograms at different distances.
(a) At ξ = 0 where two pulse are temporally separated (∆τ =
15). (b) At ξ = 10 (ξ < ξc) where only the soliton mediated
weak radiation is visible. (c) At the collision point (ξ = ξc)
where Airy pulse collide with soliton and leads to a strong
radiation. (d) At output (ξ = ξf ) where the coexistence of
strong (indicated by the red dotted line) and weak radiation is
evident. The value δ3 = −0.08, and the truncation parameter
a = 0.25.
and not depends on delay ∆τ . We also observe that the
spectral location of the strong radiation hardly shifts
with ∆τ . From all the above results it is evident that the
interaction between the co-propagating Airy pulse and
the soliton in time domain leads to a strong radiation. It
is also confirmed that, this collision mediated radiation
vanishes if δ3 = 0. In the following section we try to
propose a theoretical analysis that can explain the origin
of this strong radiation.
Theory of collision-assisted radiation for δ3 < 0
Under TOD the soliton emits the radiation at a fre-
quency for which the propagation constant of the lin-
ear wave matches the input pulse momentum [13]. Such
radiation is called the Chrenkove radiation. In co-
propagating Airy-soliton system, the phase matching
condition is modified due to the collision between the
self-accelerating Airy pulse and the soliton. This collision
leads to a strong radiation. The total field of the system
can be written as, u = us + g, where us = u¯s exp(iφs) is
the soliton field and g is the superposition of all the other
waves including the Airy pulse. Putting u into Eq.(3) and
linearising g we get,
∂ξg − Dˆ(i∂τ )g = δ3∂3τus + i2u¯2sg + iu¯2sg∗e2iφs , (5)
FIG. 7. The spectral dynamics of the pulses for a fixed TOD
parameter ( δ3 = −0.08) with different temporal separations
(a) ∆τ = 10, (b)∆τ = 15, (c)∆τ = 20 and (d)∆τ = 25.
The radiation is generated at different collision points based
on the initial separation of the pulses. However the spectral
location of the radiation is hardly affected by delay ∆τ .
where the dispersion operator Dˆ(i∂τ ) =
i
2∂
2
τ + δ3∂
3
τ . The
term g comprises of the the airy pulse and linear disper-
sive wave as, g = ua + ψ, where ua = u¯a exp(iφa) and
ψ = ψ¯ exp(iφc). Using the explicit form of g in Eq.(5) we
may have the governing equation of the radiation wave
as,
∂ξψ − Dˆ(i∂τ )ψ = δ3∂3τus + iu¯2su¯aei(2φs−φa) + i2u¯2su¯aeiφa
(6)
To obtain the radiation modes we neglect the higher or-
der terms of us associated with the field ψ. The wave
number matching with the driving terms in the right-
hand side leads to the phase matching condition of the
strong radiation as,
φc = 2φs − φa (7)
For small truncation parameter we can approximate the
Airy pulse solution (shown in Eq.(4)) as,
ua(ξ, τ) ≈ 1
c
Ai
(
τ
c
− ξ
2
4c4
)
eiφa , (8)
6where the phase has the following form,
φa =
Γ
c6
, (9)
with Γ(ξ, τ) = [ ξ2τ− 32δ3τξ2− ξ
3
12 ]. The temporal position
of the main lobe of the Airy pulse is given as,
τp ≈ ξ
2
4(1− 3δ3ξ) . (10)
From the above solution we can see that the pulse ex-
periences a singularity for a positive TOD parameter
at, ξflip = (3δ3)
−1. However this singularity can be
avoided when the pulse is propagating under negative
TOD (δ3 < 0). If we neglect the small temporal shift
of the soliton under TOD, we can develop a relationship
between the collision point ξc and the initial delay ∆τ
as,
ξc = ξ0
[
−sgn(δ3) +
√
(1 + µ2)
]
; (11)
where ξ0 = 6|δ3|∆τ and µ = (3δ3
√
∆τ)−1. Note that,
for the limit δ3 → 0, ξc = 2
√
∆τ and at the collision
point, τp ' ∆τ . Exploiting Eq.(9)-(11), it can be shown
that, at the collision point, φa = ξ
3
c/24c
6
c , where cc =
(1−3δ3ξc)1/3. Simplifying the phase-matching condition
shown in Eq.(7), we can derive the detuned frequency of
collision-mediated strong radiation (ωs) as,
ωs =
1
2δ3
+ 4δ3 − 4δ3φa
ξ
∣∣∣∣
ξ=ξc
(12)
A careful investigation of Eq.(12) reviles interesting facts.
Note that, the third term of the right-hand side of the
Eq.(12) is the signature of the collision mediated radia-
tion and it vanishes when there is no collision (ξc →∞).
The third term can also vanish when δ3 = 0 , i.e in spite
of the collision, without TOD (δ3 = 0), there will be
no radiation , which is consistent with our earlier find-
ings. The detuned frequency of the weak radiation (ωw)
can be obtained using the relation D(ωw) = 1/2, where
D(ωw) = −ω2w/2 + δ3ω3w [11].
In Fig.8(a) we have shown the evolution of the weak
radiation whose spectral location can be predicted effi-
ciently by the phase matching condition which leads to
the radiation frequency as, ωw = 2δ3 + (2δ3)
−1 . In Fig.
8(b) we have plotted the spectral location of the collision-
mediated strong radiation as a function of δ3. The solid
line represents the expression proposed by us in Eq.(12)
which corroborate well with the numerical data shown
by solid red coloured dots. There is another important
fact that can be noticed from Eq.(12). It seems the col-
lision mediated radiation frequency (ωs) depends on the
collision point (ξc) and in that case one can simply tai-
lor the radiation by changing the soliton delay time ∆τ
using Eq.(11). In Fig.9(a) we have shown the linear rela-
tionship between collision point (ξc) and temporal delay
FIG. 8. (a) The spectral dynamics before the collision
point(ξ < ξc) with δ3 = −0.08. The spectral position of
the weak radiation is verified by plotting the phase matching
curve for the weak radiation.The final spectral distribution is
inserted at the top of the figure. (b) The comparison of ana-
lytically and numerically found results for all the frequencies
obtained due to the perturbations present in the system.
(∆τ) between pulses. This contradicts the numerically
found results where we have shown that the spectral po-
sition of the collision mediated radiation hardly depend
on the position of the collision between the pulses. In
Fig.9(b) we have plotted the variation of the analytically
found expression of ωs Eq.(12) as a function of the colli-
sion distance ξc. From the figure it is clear that the value
of ωs does not vary much over the distance and it sat-
urates to a fixed value after a certain distance which is
indicated by the blue dashed line in Fig.9(b). This value
is very close to the value of the spectral position of the
weak radiation.
FIG. 9. (a) Collision distance (ξc) as a function of initial
temporal separation (∆τ) between the pulses. The analytical
formula (blue solid line) is verified by numerically data (red
dots). (b) The variation of collision-mediated strong radiation
frequency (ωs) with ξc (for fixed δ3 = −0.08). The radiation
frequency ωs hardly changes (around 1%) with ξc.
7C. Collision dynamics under positive TOD (δ3 > 0)
It is already shown that, the strong radiation appears
when the self accelerating Airy pulse interacts with a de-
layed soliton in the environment of negative TOD. In ab-
sence of TOD, the collision doesn’t lead to any radiation.
The Airy pulse experiences a singularity at ξ = (3δ3)
−1
when TOD is positive (δ3 > 0). In such case, the Airy
pulse undergoes a temporal flipping and accelerates in the
reverse direction. The location of the temporal flipping
is generally defined as, ξflip which is inversely related to
the strength of the TOD parameter. Now for δ3 > 0 the
Airy pulse interacts with a delayed soliton in two possi-
ble ways, (i) before the flipping point and (ii) after the
flipping point. Note, in order to achieve the collision af-
ter the flipping point, the soliton needs to be launched in
advance since Airy pulse accelerates in reverse direction
beyond the flipping point. In our study we separately
investigate the dynamics for both situations.
1. Dynamics before the flipping point (ξ < ξflip)
The presence of positive TOD distorts the pulse shape
significantly and Airy pulse experiences a temporal flip-
ping at ξflip. Hence the temporal separation (∆τ) be-
tween the Airy pulse and the soliton cannot be too large
at the launching position. However ∆τ cannot be so close
that their temporal distributions superimpose with each
other and the pulses lose their individuality. Keeping
this in mind, we have kept the value of ∆τ at 8 and have
plotted the dynamics in Fig.10. The value of δ3 is also
kept low for these simulations (δ3=0.04). A large value
of δ3 reduces the flipping point significantly and the Airy
pulse flips before it hits the soliton. In the spectral plot
(Fig.10(b))) the weak and the strong radiation is evident.
It is interesting to note that, the spatial location of the
collision-mediated strong radiation for δ3 > 0 can be de-
termined using the expression Eq.7. Only the numeric
sign of the TOD parameter will change in this case and
this is the reason why radiation flips from red to blue.
The signature of the strong radiation is further confirmed
in the spectrogram in Fig.10(c). The origination of colli-
sion mediated radiation(ωs) follows the same physics as
presented in the earlier section. Note that, the expression
of ωs in Eq.12 is valid for this case also. In Fig.10(d) we
have compared the analytical expression(solid blue line)
with the numerically found values(red dots) which cor-
roborate well.
2. Dynamics beyond the flipping point(ξ > ξflip)
In this section we theoretically investigate the physics
of the collision mediated radiation that takes place be-
yond the flipping point. In this case the Airy pulse ac-
celerates in the reverse direction and hits the soliton at
FIG. 10. The (a)temporal and (b) spectral dynamics of the
system for a fixed value of δ3 = 0.04. The final temporal and
spectral distributions are attached with the figures.(c) The
XFROG spectrogram of the system at the final spatial point.
the patch of the strong radiation is evident on the blue side
of the spectrum.(d)The comparison of analytical values of ωs
(blue solid line) and numerically found (red dots) values with
respect to δ3.
ξ > ξflip. This phenomenon is rather intriguing and de-
mands extensive study. The approach towards the prob-
lem is not trivial here as the Airy pulse flips at the sin-
gular point and changes its shape. A major challenge
is to obtain the analytical expression of the Airy pulse
beyond the flipping point (ξ > ξflip). It is obvious that,
to meet the condition of temporal collision at ξ > ξflip,
we launch the soliton in advance. In Fig.(11) we show
the collision dynamics for two different δ3 values. The
spectrogram is also shown in Fig.(12). The strong ra-
diation is readily evident when the reversed Airy pulse
hits the soliton. The phase of the Airy pulse can be cal-
culated easily under negative TOD as the pulse doesn’t
face any singularity. But in case of the positive TOD the
Airy pulse experiences a singularity in (ξ-τ) space and
the temporal distribution is inverted. At first stage, the
Airy pulse is converted to a Gaussian pulse at singular-
ity. Then that Gaussian pulse leads to a new Airy pulse
with inverted temporal wings. The form of the Gaussian
pulse at singularity is given by [23],
U(ξflip, τ) = U0 exp
[
− (τ − a
2)2
τ2f
]
exp(iφ), (13)
8FIG. 11. The dynamics of the pulses for different TOD pa-
rameters in temporal (0.06 for (a) and 0.08 for (c)) and in
spectral domain 0.06 for (b) and 0.08 for (d)). The trunca-
tion parameter of the Airy pulse is a=0.1 and time separation
of the pulses is 40 at the input. We can see that the position
of collisions of two pulses is different for different TOD pa-
rameters.
FIG. 12. The spectrograms of the pulses for different TOD
parameters in spectral domain(0.06 for (a) and 0.08 for (b)).
The truncation parameter of the Airy pulse is a = 0.1 and
time separation of the pulses is 40 at the input.The patch of
SR is indicated by the arrows in the figures.
where the amplitude (U0) and phase (φ) are,
U0 =
1
2
√
piγ
exp(a3/3), (14)
and
φ =
(τ − a2)2
24δ3γ2
− 1
2
tan−1
(
1
6aδ3
)
. (15)
FIG. 13. The comparison between the analytical solution
(solid line) and the numerical solutions (dots) of the inverted
Airy pulse in presence of positive third order dispersion with
δ3 = 0.06 for (a) and δ3 = 0.08 for(b).The solutions are taken
at a fixed distance (ξ = 40)
The characteristic width of the Gaussian pulse is,
τf = 2χ
√
a and γ = aχ with χ =
√
(1 + 1/36a2δ23). We
consider this Gaussian pulse as our initial pulse to obtain
the analytical form of the reversed Airy pulse at ξ > ξflip
. Rescaling the propagation distance as, ξ′ = (ξ − ξflip),
we finally obtain the analytical expression of the Airy
pulse at ξ > ξflip,
ua(ξ
′, τ) =
1
c′
exp
(
a3
3
)
Ai
(
b′
c′
− n
′2
c′4
)
exp i
(
2n′3
3c′6
− n
′b′
c′3
)
(16)
The parameters are defined as c′ = (3δ3ξ′)
1
3 ; n′ =
(ia + sgn(β2)ξ
′/2 − 1/6δ3); and b′ = −τ . Note that,
except the scaling factor, the expression of reversed Airy
pulse is exactly same that we obtained in Eq. (4). To
check the validity of the expression given in Eq. (16),
we compare the analytical expression with the numerical
simulations as shown in Fig.13(a,b). The phase of the re-
versed Airy pulse will have the form, φ′a = Γ/c
′6, where
c′ = (3δ3ξ′)1/3. The inverted pulse beyond the flipping
point follows a non-parabolic trajectory. The expression
of the temporal position (τ ′p) in (ξ-τ) space is given as,
τ ′a ≈ −
( ξ
′
2 +
1
6δ3
)2
3δ3ξ′
(17)
The phase of the reversed Airy pulse at the collision
point ξ′c is φ
′
a ≈ ξ3c/24c′6c where c′c = (3δ3ξ′c)
1
3 . Exploit-
ing the phase of the reversed Airy pulse we obtain the
radiation frequency as ,
ωs =
1
2δ3
+ 4δ3 − 4δ3φ
′
a
ξ′
∣∣∣∣
ξ′=ξ′c
(18)
In Fig.14(a) we plot the SR frequency (ωs) as a func-
tion of TOD coefficient δ3. The solid line indicates the
analytical expression that we obtain from Eq. (18),
where dots are the radiation frequencies measured nu-
merically. In Fig.14(b) we have plotted the analytical
expression of ωs as a function of ξ
′
c. It is evident from the
figure that in this case also the value of ωs does not vary
9FIG. 14. (a) Variation of ωs with TOD parameter δ3. The
theoretical result (solid blue line) agrees well with numerical
data (dots). (b) ωs as a function of ξ
′
c. ωs is hardly affected
by point of collision.
significantly and after a certain distance it saturates to a
value (indicated by the blue dashed line in the Fig.14(b))
which is close to the value of WR frequency.
IV. CONCLUSION
In this report we have studied the interaction of co-
propagating Airy pulse and soliton in a Kerr medium
under TOD. The power of the Airy pulse is controlled
in such a way that it doesn’t shed any soliton and re-
tains its characteristic shape. It is observed that, new
spectral component is emerged in the form of radiation
when the self-accelerating finite energy Airy pulse col-
lides with a delayed soliton. We emphasis that, this
collision-mediated radiation is characteristically different
from the well-known Cherenkov radiation emitted by a
perturbed soliton and hence demands special analytical
treatment. Interestingly, this collision-assisted radiation
takes place only in the environment of TOD and sensi-
tive to the numeric sign of TOD parameter. To realise
the system physically we proposed a realistic waveguide
structure based on Si which exhibits both positive and
negative TOD at two different operational wavelength.
We calculate the values of dispersion and nonlinear pa-
rameters for the proposed waveguide and use them in our
numerical simulation. The dynamics of the Airy pulse
is dramatic under positive TOD where it experiences a
singularity and flips in time domain. Depending on the
numeric sign of TOD parameter we judiciously launched
the soliton so that collision takes place with accelerat-
ing (or decelerating) Airy pulse. We develop a theory
to explain the collision-mediated radiation for both pos-
itive and negative TOD and derive the frequency of the
detuned radiation. We compare our findings with nu-
merical results and our theoretical predictions are found
to be in well agreement with the direct numerical mod-
elling of the generalised nonlinear Schro¨dinger equation
(GNLSE).
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